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The analysis of complex structures consisting of fibers, films, birefringent, and magnetic materials
is greatly aided by the availability of an analysis structure. Jones calculus is typically utilized in the
course of such analyses. However, standard Jones calculus does not account for the effect of
reflections. An improved formulation for the characterization of Faraday rotation that alleviates
this shortcoming is reported here and is integral for the proper analysis of devices employing
magneto-optic effects.VC 2011 American Institute of Physics. [doi:10.1063/1.3554259]
The Faraday effect produces a rotation of the plane of
polarization of light passing through magnetized media. It was
first experimentally observed by Michael Faraday in 1845 in a
piece of glass placed between the poles of the magnet and was
the very first magneto-optical effect to be discovered.1 This
Faraday rotation arises from the interaction between light
passing through or reflecting from a medium and the electron
spin due to the spin–orbit coupling.2,3 The Faraday effect has
found a tremendous amount of applications: spin detection in
spintronics,4–7 measurement of ellipticity and rotation angle to
ascertain the Hall mobility and effective mass of free car-
riers,8–12 investigation of thin magnetic films and magnetic
multi-layers,13,14 and pulsed current measurements.15
The authors have been actively pursuing photonic applica-
tions of magneto-optic materials, specifically transparent
switches for all-optical networks that will enable interoperability
between a multitude of bit-rates, protocols, and formats, as well
as allowing the operators to better scale their networks to meet
the subscriber requirements and enhance their services.16,17 In
order to analyze a structure consisting of fibers, films, birefrin-
gent, and magnetic materials, it is helpful to have an analysis
structure. Jones calculus is frequently utilized to perform such
an analysis.18 However, standard Jones calculus does not
account for the effect of reflections. In this paper, we describe
an improved formulation for the characterization of Faraday
rotation that alleviates this shortcoming and is integral for the
proper analysis of devices employing magneto-optic effects.
The formalism of matrix notation is one of the most use-
ful means of characterizing a device. Two representations
that will be applied to characterizing structures at optical fre-
quencies are the scattering (S) and transmission (T) matri-
ces,19,20 which are more conventionally used in microwave
and millimeter wave analyses.
Consider a hypothetical transmission line that has differ-
ent propagation constants (PCs) and characteristic impedan-
ces (CIs) for each direction of propagation.
One might attempt to directly extend the transmission
line equations for use with plane wave fields. However, in
plane wave characterizations, there are two orthogonal axes
for the electric field. For a particular device under test
(DUT), there might also be coupling between the two orthog-
onal electric fields at the ports.
Several assumptions are made in the following analysis;
waves in the fiber and magnetic material are plane waves the
longitudinal distance through the material is short and modes
generated in the interface between the fiber and material do
not propagate down the fiber. A superposition of circularly
polarized (CP) waves [clockwise (CW) and counter-clock-
wise (CCW)] will be used to describe wave propagation in
the ferrite material and in the interconnecting fibers since lin-
early polarized (LP) waves do not exist in anisotropic mag-
netic media.
Assuming plane wave travels in the z direction, there are
four different CP (eight LP) waves traversing the magnetic
region. In magnetic material, the two forward waves travel
with different phase velocities as well as different CIs and
likewise for the two reverse traveling waves. The CI and
phase velocity of a CW wave traveling in the forward direc-
tion are the same as that of a CCW wave traveling in the
reverse direction. An analysis via Maxwell’s equations shows
that the plane waves entering from an isotropic magnetic ma-
terial into a magnetic material generate CP waves in the mag-
netic material with the coupling taking place at the boundary.
For port-to-port phase delay calculations, the input and
output boundaries are considered to be at z¼ 0. This
describes a DUT that is inserted into a fiber at z¼ 0 as shown
in Fig. 1. The wave coupling at the input will be described in
terms of the continuity of tangential electric and magnetic
fields. The CI and PC of the material has a subscript 1 for
forward CW as well as reverse CCW waves and a subscript
2 for forward CCW and reverse CW waves.
Waves in the material will have subscripts 1–4. A four-
port T matrix will be formed. The physical input port will
consist of two electromagnetic ports (one for each of the two
orthogonal CP waves) and likewise for the physical output
ports. The fiber material impedance will be chosen as the T
matrix normalization impedance. It is necessary to use the
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same normalization impedance on both ports to allow cas-
cading of the matrices for analysis. Throughout this analysis,
characteristic impedance will be used to mean material
impedivity. The tangential electric and magnetic field values
at the input [(1)–(4)] and output [(5)–(8)] boundaries are
EþCW1M ¼ E1ðax  jayÞ HþCW1M ¼
E1
g1
ðjax þ ayÞ
EþCCW1M ¼ E2ðax þ jayÞ HþCCW1M ¼
E2
g2
jax þ ay
 
; (1)
ECCW1M ¼ E3ðax  jayÞ HCCW1M ¼
E3
g1
ðjax  ayÞ
ECW1M ¼ E4ðax þ jayÞ HCW1M ¼
E4
g2
ðjax  ayÞ; (2)
EþCW1 ¼ E5ðax  jayÞ HþCW1 ¼
E5
gf
ðjax þ ayÞ
EþCCW1 ¼ E6ðax þ jayÞ HþCCW1 ¼
E6
gf
ðjax þ ayÞ; (3)
ECCW1 ¼ E7ðax  jayÞ HCCW1 ¼
E7
gf
ðjax  ayÞ
ECW1 ¼ E8ðax þ jayÞ HCW1 ¼
E8
gf
ðjax  ayÞ; (4)
EþCW2M ¼ E1ðax  jayÞejb1L HþCW2M ¼
E1
g1
ðjax þ ayÞejb1L
EþCCW2M ¼ E2ðax þ jayÞejb2L HþCCW2M ¼
E2
g2
ðjax þ ayÞejb2L; (5)
ECCW2M ¼ E3ðax  jayÞejb1L HCCW2M ¼
E3
g1
ðjax  ayÞejb1L
ECW2M ¼ E4ðax þ jayÞejb2L HCW2M ¼
E4
g2
ðjax  ayÞejb2L; (6)
EþCW2 ¼ E9ðax  jayÞ HþCW2 ¼
E9
gf
ðjax þ ayÞ
EþCCW2 ¼ E10ðax þ jayÞ HþCCW2 ¼
E10
gf
ðjax þ ayÞ; (7)
ECCW2 ¼ E11ðax  jayÞ HCCW2 ¼
E11
gf
ðjax  ayÞ
ECW2 ¼ E12ðax þ jayÞ HCW2 ¼
E12
gf
jax  ay
 
; (8)
where unit vectors~a are in the x or y direction, gf is the fiber
material CI, g1 is the magnetic material CI in the forward CW
direction, g2 is the magnetic material CI in the forward CCW
direction, and L is the length of the magnetic material.
Applying the boundary conditions at the input (9) and
output (10) yields
E1
E2
E3
E4
0
BBB@
1
CCCA¼ 12gf
g1 þ gf 0  g1  gfð Þ 0
0 g2 þ gf 0  g2  gfð Þ
 g1  gfð Þ 0 g1 þ gf 0
0  g2  gfð Þ 0 g2 þ gf
0
BBB@
1
CCCA
E5
E6
E7
E8
0
BBB@
1
CCCA; (9)
E1
E2
E3
E4
0
BBB@
1
CCCA¼ 12gf
g1 þ gfð Þeþjb1L 0  g1  gfð Þeþjb1L 0
0 g2 þ gfð Þeþjb2L 0  g2  gfð Þeþjb2L
 g1  gfð Þejb1L 0 g1 þ gfð Þejb1L 0
0  g2  gfð Þejb2L 0 g2 þ gfð Þejb2L
0
BBB@
1
CCCA
E9
E10
E11
E12
0
BBB@
1
CCCA: (10)
The input and output waves are related using forward T parameters as
E5
E6
 !
E7
E8
 !
0
BBBBB@
1
CCCCCA¼
TULð Þ TURð Þ
TLLð Þ TLRð Þ
 ! E9
E10
 !
E11
E12
 !
0
BBBBB@
1
CCCCCA; (11)
With the source on the input port and terminations on the
output port, we obtain the relationships in (12). Conversely
with the source on the output port and terminations on the
input port, we obtain the relationships in (13).
E9
E10
 
¼ TULð Þ1
E5
E6
 
E7
E8
 
¼ TLLð Þ TULð Þ1
E5
E6
 
; (12)
E9
E10
 
¼  TULð Þ1 TURð Þ
E11
E12
 
E7
E8
 
¼  TLLð Þ TULð Þ1 TURð Þ þ TLRð Þ
  E11
E12
 
: (13)
The input and output waves are related using reverse T
parameters as
FIG. 1. (Color online) Notation for port-to-port phase delay calculations.
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E9
E10
 
E11
E12
 
0
BBB@
1
CCCA ¼ TRULð Þ TRURð ÞTRLLð Þ TRLRð Þ
  E5
E6
 
E7
E8
 
0
BBB@
1
CCCA; (14)
With the source on the input port and terminations on the
output port, we obtain the relationships in (15). Conversely
with the source on the output port and terminations on the
input port, we obtain the relationships in (16).
E7
E8
 
¼  TRLRð Þ1 TRLLð Þ
E5
E6
 
E9
E10
 
¼ TRULð Þ  TRURð Þ TRLRð Þ1 TRLLð Þ
  E5
E6
 
; (15)
E7
E8
 
¼ TRLRð Þ1
E11
E12
 
E9
E10
 
¼ TRURð Þ TRLRð Þ1
E11
E12
 
: (16)
The S matrix for an x axis polarized wave can be deter-
mined from adding the appropriate wave pairs. Likewise
the S matrix for a y axis polarized wave can be determined
from subtracting the appropriate wave pairs. However,
since a single axis oriented input can give a dual axis
output, the concept of the S matrix would need to be
extended based on its use similar to the concept of common
and differential mode S matrices. Likewise, a single axis
oriented input can give reflections back from the input on
both the x and y axes.
Using a and b variables from S parameter notation, the
T matrix can be used to relate these variables. However, an
additional comment is necessary. In the S parameter nota-
tion, a variables represent quantities incident on a port while
b variables represent quantities reflected from a port. Since
the preceding analysis has been developed using modes and
direction, it is necessary to point out that the top part of sub-
matrices represent one mode pair and the bottom part of sub-
matrices represent the other mode pair. Therefore some a
and/or b variables will have opposite subscripts (CW and
CCW) because some of them are in the positive z direction
and some in the negative z direction.
The S matrix of a non-reciprocal transmission line with
two different CP waves is given below. Notice that transmis-
sion is between the same senses of polarization but reflection
is between opposite senses of polarization.
b1CCW
b1CW
 
b2CW
b2CCW
 
0
BBB@
1
CCCA ¼ S11ð Þ S12ð ÞS21ð Þ S22ð Þ
  a1CW
a1CCW
 
a2CCW
a2CW
 
0
BBB@
1
CCCA; (17)
S11ð Þ ¼
g21g2fð Þ ejb1Lejb1Lð Þ
g1þgfð Þ2ejb1L g1gfð Þ2ejb1L
0
0
g22g2fð Þ ejb2Lejb2Lð Þ
g2þgfð Þ2ejb2L g2gfð Þ2ejb2L
0
B@
1
CA
S12ð Þ ¼
4gfg1
g1þgfð Þ2ejb1L g1gfð Þ2ejb1L
0
0 4gfg2
g2þgfð Þ2ejb2L g2gfð Þ2ejb2L
0
@
1
A
S21ð Þ ¼
4gfg1
g1þgfð Þ2ejb1L g1gfð Þ2ejb1L
0
0 4gfg2
g2þgfð Þ2ejb2L g2gfð Þ2ejb2L
0
@
1
A
S22ð Þ ¼
g2
1
g2
fð Þ ejb1Lejb1Lð Þ
g1þgfð Þ2ejb1L g1gfð Þ2ejb1L
0
0
g2
2
g2
fð Þ ejb2Lejb2Lð Þ
g2þgfð Þ2ejb2L g2gfð Þ2ejb2L
0
B@
1
CA (18)
The effect of an air gap or other inserted material having a
different CI from that of the fiber can be accommodated
using the four-port T matrix for two CP traveling waves.
This matrix can be generated from the magnetic material
matrix assuming that the material constants are the same in
both directions.
When using a linear excitation, for example, an x axis
excitation, E5 and E6 (a1CW¼ a1CCW) would be set equal to
each other. For a y axis excitation, E5 and E6 would be set to
the negative of each other (a1CW¼a1CCW). Similarly,
when determining the axis of rotation for the polarization,
the tangent ratio of the appropriate values of the port excita-
tions would be used.
A tractable formulation for analyzing complex struc-
tures consisting of fibers, films, birefringent, and magnetic
materials is reported. This addresses the shortcomings of
standard Jones calculus and enables a proper analysis of
magneto-optic devices. For physical arrangements where
higher-order modes are appreciable, the formalism would
need to be extended to accommodate those modes.
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